Abstract. The Cauchy and initial boundary value problems are studied for a linear advection equation with a nonlinear source term. The source term is chosen to have two equilibrium states, one unstable and the other stable as solutions of the underlying characteristic equation. The true solutions exhibit travelling waves which propagate from one equilibrium to another. The speed of propagation is dependent on the rate of decay of the initial data at infinity, A class of monotone explicit finite-difference schemes are proposed and analysed; the schemes are upwind in space for the advection term with some freedom of choice for the evaluation of the nonlinear source term.
It is assumed that the initial data satisfies (IV) a(x) e [0, 1], x e 7. In some situations the case a(x) 1 for x _< 0 is considered and the problem is then equivalent to an initial boundary value problem posed on x, t _> 0 with u(0, t) 1. We refer to this initial boundary value problem as (IBVP) and to the general Cauchy problem as (C). A typical example of a nonlinear source term satisfying (I)-(III) is f (u) u-u2.
We consider the following explicit finite-difference approximation for (1.1), (1.2)" Assumptions (i) and (ii) are consistency assumptions whereas assumptions (iii) and (iv) are constraints on the parameters of the scheme. In the case where the source term f(u) =_ O, conditions (iii) and (iv) reduce to the standard CFL condition c e [0, 1] . It is worth noting that the monotonicity conditions (iii) and (iv) are reminiscent of those employed by [Harten, Hyman, and Lax, 1976] in schemes designed for scalar conservation laws. Some schemes satisfying the criteria (i)-(iv) are described in 5. Currently there is a great deal of interest in the numerical approximation of systems of conservation laws with stiff nonlinear source terms. Such problems arise as models of nonequilibrium gas dynamics and, in particular, in the study of transatmospheric vehicles. It is our purpose to analyse such problems by considering the very simplest hyperbolic problem with nonlinear source, namely, (1.1), (1.2) . Earlier work by [Colella, Majda, and aoytburd, 1986] and [LeVeque and Yee, 1990] shows that, when insufficient spatial or temporal resolution is employed, spurious phenomena can arise in the study of such problems. Specifically, for split-step schemes, they both find travelling waves with grid-sensitive propagation speeds. In contrast, we show that if sufficient resolution is employed the numerical method exhibits travelling waves that are close in form and speed to those of the underlying continuous problem. The relationship between the numerical speed of propagation and the true speed is studied in detail and convergence of the numerical wave-speed to the true wave-speed established.
The breakdown of these desirable properties is studied when (iii) and (iv) are violated, due to a stiff source term. It is shown that oscillations occur and, for increasing stiffness, divergence of the scheme. This behaviour is contrasted with a split-step scheme (similar to those studied in [Colella, Majda, and Roytburd, 1986] and [LeVeque and Yee, 1990] ) where monotonicity and boundedness are preserved, but where spurious propagation speeds are observed for stiff problems.
In 2 we consider (IBVP) and analyse the convergence of the scheme. Section 3 contains analysis of (C); the existence of numerical travelling waves is proved and their behaviour studied for increasing stiffness. Section 4 is concerned with the splitstep scheme and the ideas are similar to those in 3. Finally, in 5, we consider some numerical methods satisfying conditions (i)-(iv) and present results which illustrate the preceding analysis. It is our hope that the analysis contained in this paper can be extended to, or at least used to motivate analogous questions in, more complicated problems involving nonlinear convection and shock formation in systems of conservation laws.
2. Asymptotic behaviour on a fixed spatial interval and convergence.
In this section we consider (IBVP) driven by the boundary condition u(0, t) 1 [Larsson, 1989] waves. In the previous section we proved a convergence result which was uniformly valid on arbitrarily large time intervals, provided that the spatial interval is fixed.
However, typical solutions for the partial differential equation (PDE) involve wave fronts which propagate with a particular speed, and hence most of the structure of interest leaves any fixed spatial domain after a finite time. In this section we focus on the sense in which the numerical method captures this propagation. The difficulty with obtaining error estimates that are uniformly valid in space is that a tiny error in the approximation of the speed of propagation of the front can lead to an (9(1) error since the true front and the numerical front are out-of-phase. As we now show, this can be overcome if the numerical solution is considered to be the solution of a slightly perturbed version of the original problem.
We start with a discussion of the true travelling waves in the PDE. We seek a solution of (1.1) with the form u(x, t) v() for l(x-st). Assume that (3.2) has a heteroclinic orbit satisfying V 1 at k -cw, V 1 / 2 at k 0, and V 0 at k oc and that this sequence is monotonic. (Such a connection exists for f(u) u-u2, for example.) Let ) be the discontinuous solution of the differential equation centred at the origin so that 1,
As the mesh is refined such that c + bat 1 the heteroclinic orbit satisfying (3.2) converges to in the topology of L1 (T). By Theorem 6.41 of [Henrici, 1974] we deduce that, since m > l, 1 is an inclusion radius for the zeros of the polynomial for 0 < c < 1 so that all roots satisfy A <_ 1. To complete the proof we now show that the roots cannot touch the unit circle for 0 < c < Since we are studying 0 < c < 1, the first option is not of interest and the third implies c 1 which is also not of interest. The second implies lO 2klTr for some integer kl which in turn implies mO 2k2 because of (3.5). As k and are relatively prime this implies that k2 m and kl so that 0 2r and thus A 1 is the only possible root on the unit circle for 0 < c < 1. Hence, since A 1 for all c, it remains to check that A 1 cannot be a multiple root. Because m > l, n _< m and 0 < c < 1 such conditions cannot be satisfied.
completes the proof. Proof. We show, by induction, that the sequence generated is monotonic increasing as k --. - shows that the initial positivity of 5 is preserved for all n _> 0. A similar argument based on Vk + Vk n completes the proof. D For both the true and the numerical waves, the speed of propagation is governed by the decay of the initial data at infinity. Using this information, it is possible to study the relationship between the true and the numerical wave speeds. In the coordinate , true waves with speed s > 1 decay like exp(#Ax/l(1 s)) over an interval of length Ax at infinity. Numerical waves with speed m/lc decay like A-l, where A is the unique root of (3.9) outside the unit circle (see Lemma 3.4) . We now assume that both problems are given initial data with the same decay rate at infinity and work out the relationship between the true speed s and the numerical speed m/lc.
Matching the two decay rates we obtain )--1 exp(#Ax/l(1 s)). This establishes that, for initial data with given decay rate, the numerical wave-speed m/cl converges to the true wave-speed s for initial data with given decay rate.
We now discuss what happens to the travelling waves as the stiffness of the source term is increased, for fixed values of c and At. We consider the case where f(u) takes the form f(u) #h(u) for some source term normalised by h'(0) 1. Increasing # corresponds to increasing the stiffness of the problem. A geometric argument [Beyn, 1990] shows that the number of free parameters p expected to find a connecting orbit in m dimensions between a fixed point at -oc with unstable manifold of dimension u_ and stable manifold at /oc of dimension s+ is p=m+ l-u_ -s+. We introduce the evolution semigroup S(t) to denote the solution u(t) S(t). uo.
Employing the same notation as in 1, the split-step scheme comprises the two steps (4.1)
The only requirement that we make on the scheme is that c E (4. 3) has at least one positive real root for all #, however large., Extensive numerical computations reveals this to be true. Thus the situation is very different from the explicit scheme considered in 3. This is borne out in the numerical experiments described in the next section. The choice a 1-c corresponds to picking up information from along the characteristic. Note that stiff problems, for which K >> 1, typically involve severe restrictions on both At and Ax.
Throughout this section we take f(u) #u(1-u). As in [LeVeque and Yee, 1990] we define the numerical wave-speed by This definition is appropriate given the expected form of the solution. All our numerical computations concerning estimates of the wave speed were checked independently using an alternative definition based on locating the level set u(x, t) 1 / 2 in space-time by interpolation between the grid points. In all the figures the initial data is an exact travelling wave solution of (C) corresponding to wave-speed 2. Figures 1-3 concern the scheme (1.3), (5.1) with 0. Figure 1 shows numerically computed solution profiles. The results clearly show the devolopment of a wave-profile with constant speed of propagation. This reflects the existence Theorem 3.1. Figure 2 shows numerical estimates of the wave-speed calculated in four computations along a mesh-refinement path satisfying c 0.5. The linear convergence of the wave-speed to its true value of 2 is clear. This reflects the relationship (3.13) between the true and numerical wave-speeds. Figs. 1 and 2 and they illustrate similar phenomena. Figure 6 illustrates the occurence of spurious wave-speeds in highly stiff problems [Colella et al., 1986;  LeVeque and "dee, 1990]: after some time the solution is attracted to the profile which propagates with speed l/c: that is, one grid point per time step. 
